The mode coupling theory for the ideal liquid glass transition which was worked out for simple liquids mainly by Götze, Sjögren and their coworkers, is extended to a molecular liquid of for q = 0, we may conclude that the corresponding relaxation strength of the α-peak of the compressibility can be much smaller than the corresponding strength of the dielectric function.
The use of mode coupling theory (MCT) more than a decade ago represents one of the most important steps in the theoretical description of the glassy dynamics of supercooled liquids.This theory was mainly worked out by Götze, Sjögren and their coworkers. For reviews the reader may consult refs. [1] [2] [3] . A complementary approach which is based on fluctuating nonlinear hydrodynamics was introduced later by Das and Mazenko [4] , [5] . Both approaches derive a closed set of equations for the time-dependent density correlator for a simple liquid ( ) ( ) ( )
where δρ(q,t) = ρ(q,t) -〈ρ(q,t)〉 is the fluctuation of the Fourier-transformed one-particle density ρ(x,t). Taking the normalized correlator 
where Ω q is the microscopic frequency:
Separating the fast and slow part, the memory kernel M q (t) can be decomposed as follows: 3 The summation in eq. (2d) is restricted to q 1 , q 2 such that q 1 + q 2 = q due to translational symmetry. The vertices V(q; q 1 , q 2 ) which characterize the coupling between a pair of density modes, depend on the static density correlator only. Therefore, (apart from ν q ) the dynamics is uniquely determined by the static correlator S q . We also mention that the r.h.s. of (2d) is the first term in a polynomial expansion of M q (t) into products ( ) Let us give a brief summary of the results which follow from eqs. (1) and (2) (for details, see
refs.
[1]- [3] ). The first important result is the existence of a critical temperature T c (or a critical density ρ c ) at which a dynamical transition takes place from an ergodic to a non-ergodic phase. This transition can be interpreted as a glass transition. As an order parameter one chooses the non-ergodicity parameter 
In the so-called β-relaxation regime (not to be confused with the β-process) one finds the power law behaviour: 
where Γ is the gamma function. λ depends on the vertices at T c . The scaling laws (4) and (5) only involve quantities which can be deduced if the explicit T-dependence of the vertices is known. It is this fact which demonstrates the strength of MCT as a microscopic theory of the glass transition. The verson described above is called the idealized MCT.
Das and Mazenko [5] discovered that the glass transition singularity at T c is smeared out due to contributions to m q (t) originating from a coupling to the current density. The same conclusion was found later by Götze and Sjögren [6] . The latter authors identify hopping processes to be responsible for restoring ergodicity. Another interesting MCT-approach was recently given by Schmitz et al. [7] . Assuming that detailed balance holds, it was proven that no sharp transition temperature exists. There was a controversy between the results of refs. 5,7
and of ref. 6 concerned with the behaviour of the α-peak width for q → 0, which, however, has been recently clarified by Latz and Schmitz [8] . Despite the necessity to use this extended MCT, several experimental (e.g. [2] - [3] ) and numerical investigations (e.g. [9] - [12] ) have clearly demonstrated the existence of a signature of the glass transition singularity and the validity of the power laws (5a) and (5b) for a couple of glass forming systems.
However, it is not quite obvious whether the dielectric relaxation results are consistent with the predictions of the idealized MCT. Since the orientational degrees of freedom (ODOF) which are probed by dielectric spectroscopy, couples to the translational degrees of freedom (TDOF),
i.e. to the density fluctuations, MCT predicts for e.g. the dipole correlator a power law behaviour as described by (5) scattering experiments shows an MCT-minimum for Glycerol [13] , Salol [14] , CKN [15] , [16] and OTP [17] , no minimum was found in the dielectric experiments for Glycerol [18] and Salol [18] . For OTP ε"(ω) possesses a β-peak [19] such that a minimum exists. But its position is at much smaller frequencies than the corresponding minimum in
. Increasing the high frequency range by more than an order of magnitude, Loidl and his coworkers have found very recently a minimum in ε"(ω) for Glycerol [20] and CKN [21] . Whereas its position is in reasonable agreement for CKN with the light [16] and neutron scattering data [15] , this is not the case for Glycerol. For Salol [22] , only evidence for the existence of a minimum in ε"(ω)
has been found, without specifying its position. The status for OTP is still unclear.
This situation and the fact that most glass formers in nature are molecular liquids suggest an extension of MCT to molecular liquids in order to investigate also the dynamics of the ODOF and the role of coupling between TDOF and ODOF. Apart from the orientational glass phases of mixed crystals [23] for which MCT was worked out by Michel and coworkers [24] , no such MCT approach exists for molecular liquids. It is the main purpose of our contribution to extend MCT to a molecular liquid of linear molecules. A similar investigation has been performed for a single linear molecule in a simple liquid by Franosch et al. [25] and for a molecular liquid using fluctuating nonlinear hydrodynamics by Schmitz [26] . A short account of part of our work has already been given in ref. [27] .
Of course, there exists a huge literature concerning the orientational dynamics. For instance one approach is the use of a Smoluchowski equation. However, this equation is usually linearized which may lead to exponential relaxation. For more details the reader is referred to the recent review by Bagchi and Chandra [28] . There is strong numerical evidence from MDsimulations that even the ODOF do exhibit non-exponential relaxation in the supercooled molecular liquid [9] , [29] - [32] . Another review by Madden and Kivelson [33] , is recommended as well. There, e.g. a "Three-Variable" theory is discussed. Using the Mori-Zwanzig formalism, a three-step continued fraction for a correlator is derived where a Markov approximation is performed for the resulting memory kernel. This approach may be reasonable in the weakly supercooled liquid but its validity in the strongly supercooled regime is not obvious.
Furthermore, a continued fraction of an odd number of steps can never lead to a glass transition singularity as described by MCT [1] [2] [3] .
Therefore, we believe that our extension of MCT to supercooled molecular liquids may complement earlier work. Our paper is organized as follows. The next section presents the various correlation functions and its symmetry properties. The MCT-approach is discussed in its general form for linear molecules in section 3 and applied to a system of dipolar hard spheres in section 4. The last section contains a discussion of our results and some conclusions.
To avoid too much technical calculations in the text, several appendices have been added where the interested reader may learn more details of the specific calculation.
Correlation functions
In this section we present the correlations functions which we will investigate, as well as their symmetry properties. We consider a system of N linear and rigid molecules with mass M and inertion tensor I contained in a volume V. The TDOF are specified by {x n } = (x 1 ,...,x N ) and {p n } = {p 1 ,...,p N ), where x n and p n = mv n are the center of mass position and momentum of the n-th molecule, respectively. For the ODOF one may also use a canonical description [25] , but here we choose {Ω n } = (Ω 1 ,...,Ω N ) and {l n } = (l 1 ,...,l N ) as orientational coordinates, where Ω n = (φ n , θ n ) are the Euler angles of the n-th molecule and l n = I (Ω n ) ω n is the corresponding angular momentum. The linear and angular velocities are, respectively, v n and ω n . The third Euler angle χ n will be redundant, due to the cylindrical symmetry of our molecules. With V({x n }, {Ω n }) the potential energy, the classical energy of our molecular system is given by:
where n T is the transposed of l n and the Ω n -dependence of I in the laboratory frame K has been made explicit. The corresponding quantities in the body fixed frame K' are obtained from those in K by a rotation R(φ n , θ n ). For instance, it is:
and
where the body fixed frame of the n-th molecule can be chosen such that I' is diagonal.
The most basic quantity for the description of a liquid is the time-dependent, microscopic one-
δ(Ω,Ω') denotes the invariant delta function. For this and many other details of the theoretical description of fluids with ODOF which will be used throughout this paper, the reader is referred to the excellent textbook by Gray and Gubbins [34] . Any function f(x,Ω) can be expanded with respect to plane waves and spherical harmonics:
This correlator vanishes for q = 0, (l,m) = (l',m') = (0,0) and otherwise it is given by:
For later purposes we also introduce the translational (α = T) and rotational (α = R) current density: 
with:
where is the corresponding Liouvillean, and as a short hand notation we use the operator
with L the angular momentum operator. Its action on a function f lm (q) is defined as follows:
where
m m m; m
ρ lm (q,t;X) is a tensor field of rank l. Here we also included explicitly the dependence on the initial conditions which are symbolically denoted by X. Then, the following transformation law for rotations R ∈ SO(3) holds: 
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The angular brackets in (15) , (16) 
What remains is the behaviour under inversion P.
from (16) and (19):
and ( ) ( ) ( )
respectively, where ε T = -1 and ε R = 1.
It is more convenient to represent these correlators in the q-frame [34] , i.e. in the laboratory frame where q = q 0 ≡ (0,0,q) and q = q . For rotations 34] . In that case we obtain from (28) 
which together with (25) and (32) yields
i.e. the correlator ( )
Finally, it follows from (25), (34) and (33) for q = q 0 :
Hence, for given q,l and l' the independent density correlators belong to the helicity m = 0,1,..., min (l,l').
Mode coupling approach
The correlators S m m l l , ' ' (q,t) are of experimental and theoretical interest. For l = l' = 0 it describes the dynamics of the TDOF which can be measured by neutron scattering. If the molecules possess a permanent dipolar moment, the correlator with l = l' = 1 contains information which can be obtained from dielectric measurements and l = l' = 2 is related to the orientational contribution to light scattering.
In the following we will apply the Mori-Zwanzig projection formalism [36] , [37] Whereas this works for simple liquids, leading to the MCT-equations (2), it does not for molecular liquids. The reason is as follows: one does not expect the long time relaxation (e.g.
the structural relaxation) to show inertia effects. Consequently, the MCT-equations which yield the long time dynamics should not involve M and I. As we will see below, the simplest choice (cf. ref. [25] ) fulfilling this requirement is to take besides δρ(0) the "longitudinal" translational and rotational current densities:
for α = T and R, where
A more general option, to project on each cartesian component j αk (0) for α = T,R and k = 1,2,3 (see e.g. [38] ) which generates a coupling between the longitudinal and transversal components of the current density, is under investigation. The energy density ε lm (q) will be omitted as a slow variable, as it was done for the simple liquid [1] . Now, we introduce the following two projectors
The matrix J ≡ (J(0α;0'α')) is given by
, where the latter equality is proven in Appendix A. I α is the unified notation:
Making use of these projectors, it is straightforward to derive the two-step continued fraction for the Laplace transform
of the density correlator:
The next projection step yields for the momentum density correlator:
where the matrix elements of the memory kernel
Here, Q = 1 -P = 1 -(P ρ + P j ) projects perpendicular to δρ, j T and j R . These equations are still exact. To obtain a closed set of equations we apply a mode coupling approximation for the fluctuating force
Since the interaction between the molecules is assumed to be pairwise, we project ( )
q onto a product of two density modes. This is done in a close relationship to the case of a simple liquid which is clearly discussed by Götze [1] . Following ref. [1] we define the projector on pairs of modes:
where the normalization matrix g must fulfil:
with the symmetrized Kronecker-delta:
and the obvious meaning ( )
.Using the following approximations:
we get 
In Appendices B and C it is shown that 
with the vertices Neglecting the regular part ( )
, the eqs. (43)- (45), (58) ' ' 00 00 0
' ' 00 0
l 00 0
This behaviour relates to the fact that Let us finally comment on the validity of the reduction theorem which was proven for simple liquids by Götze [39] . The physical consequences of this theorem are probably the most important predictions of the MCT-approach. It states that there exists a time scale t σ (T) on which the q-and t-dependence of the density correlator factorizes and that its t-dependence is given by a correlator G(t) which depends on the exponent parameter λ, only. λ follows from the static correlator S(q) for T = T c , i.e. λ can be obtained from the microscopic information.
The condition for the reduction theorem is that the bifurcation (of a glassy phase from the liquid) is of codimension 1. A sufficient condition for this is the positivity of the vertices. As can be seen from eq. (59), this is not generally true for molecular liquids. However, in the diagonalization approximation, which will be used in the next section, the vertices become real and positive. Despite the different structure of the MCT-equations for l > 0 (cf. eq. (78)), one can still prove that the reduction theorem is valid and that G(t) fulfils the same "universal" equation derived by Götze [39] for simple liquids. The only difference is that the microscopic calculation of λ also involves the static density correlators S m m l l , (q) for l ≥ 0.
MCT for dipolar hard spheres
In this section we will apply the MCT-equations which were derived in section 3 to a system of dipolar hard spheres (DHS). This system consists of hard spheres with diameter d and a dipolar moment µ .Besides the hard sphere interaction V hs ({x n }), there is the dipolar interaction where µ = |µ| and e n = µ|µ , the unit vector pointing in the direction of Ω n . We choose this system because of two reasons. First, experimental results for S q (t) for neutral colloidal systems, which can be well approximated by hard spheres have shown a particularly good agreement with the predictions of the idealized version of MCT [40] , [41] . Therefore, our MCT-approach which includes ODOF may be a good approximation for DHS, too. Second, , ' ' (q,t) which is:
Let us now discuss c(x,Ω,Ω'). Wertheim [42] has shown that within the mean spherical approximation (MSA) (cf. also [34] ) the calculation of c(x,Ω,Ω') for dipolar hard spheres can be reduced to the case of simple hard sphere for which c(x) is known, e.g. in Percus-Yevick 
with ∆(e,e') = e.e'
D(e x ,e,e') = 3(e x e T ) (e x e' T ) -(ee' T )
where r = |x|, e x = x/r and e,e' are unit vectors pointing in the direction of Ω, Ω' , the rdependent functions are given by [42] , exist. Because the inclusion of ODOF has made the MCT-equations much more involved compared to simple liquids, we think that this restriction is a reasonable starting point.
We will restrict the discussion of the MCT-equations to the non-ergodicity parameter 
for m = 0,1. Here we performed one more approximation which is the diagonalization of the memory kernel with respect to α and α'. Due to this, the vertices become real and non-negative. The reader should not confuse the superscript T with temperature. The functionals Therefore, the strength of the α-process (normalized to the static susceptibility) obtained from the dielectric measurement (which is at q = 0!) is about twice as large as that which will follow from neutron scattering at q = q 1 .
Discussion and conclusions
In this paper we have presented a generalization of the mode coupling description of the ideal glass transition in simple liquids to molecular liquids. We have considered linear molecules only. The extension to arbitrary molecules is straightforward [47] .
We have demonstrated that the choice of ; , ϕ is T-independent and its q-and ϕ-dependence is identical to that for the hard sphere system, without dipoles. 2 . Such a term, however, is forbidden due to the parity rule which requires + 1 + 2 to be even.
We stress that the topology of the phase diagram (cf. odd freezes, then all ODOF with and ' odd will freeze. Therefore, the different transition scenarios described above do not really discriminate between TDOF and ODOF, but between , ' even and , ' odd.
This hierarchy of freezing also points out the different role of packing and temperature.
Primarily, it is the dense packing which leads to the cage effect [1] and finally to the freezing of the TDOF. The temperature (as far as the density remains constant) seems to play a less important role. Since neither experimental nor numerical data are available for the dynamics of dipolar hard spheres, it is not possible to check the validity of our results. Therefore, it will be important to investigate our MCT-equations for systems where this information is known.
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where we introduced: Next, we notice that 
we immediately obtain from (A.5) 
where a straightforward calculation, which uses the product rule for Y lm [34] , yields with Substitution of Q = 1 -P leads to: where (20) and (36) 
Now, eq. (A.5) can be used. This yields q -q q
For the next step we notice that ( ) (ii) With P = P ρ + P j from (38) and (39) we obtain for the second term of (B.1) where we used again the hermiticity of and eqs. (20) and (40) . Unfortunately, the static threepoint correlator in (B.10) cannot be calculated exactly. In Appendix C it will be shown that it can be approximated as follows: in q-space. We require that the approximation of the three-point correlator for molecular liquids should obey the correct transformation properties and that it reduces to (C.1) for λ 1 = λ 2 = λ 3 = (0,0). We choose the following approximation:
( ) ( 
